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Figure 3. log of the initial reaction rate vs. reciprocal temperature.
The solid line represents an Arrhenius law with an activation
energy of 19 kcal/mol. H = hour.

sample at 75 °C for 19 h, during which time we monitored
the monomer concentration, as shown typically in Figures
1 and 2. After stopping the reaction, we determined the
polymer conversion classically by first dissolving the po-
lymerized sample in 1,4-dioxane and then precipitating the
polystyrene in methyl alcohol.?® We found an 18% con-
version by the classical method and a 21% conversion
based on Raman scattering. The agreement is quite rea-
sonable, especially in view of the fact that there must be
a residual amount of oligomers which are not precipitated
by the classical method.

Conclusion
We have presented a new method for studying polym-

erization reactions based on Raman scattering. This me-
thod is fairly general, easy to use and to automate, and
insensitive to most spurious phenomena. We have illus-
trated this method by a study of the thermal polymeri-
zation of styrene at different temperatures and found our
results to be in essential agreement with those obtained
by other methods.
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ABSTRACT: The lattice models of Flory and DiMarzio for rigid linear polymers of fixed length have been
extended to describe reversibly polymerizing systems with narrowly distributed polymer lengths (i.e., it is
assumed that the system remains approximately monodisperse as the average polymer length varies with
concentration and other variables). Whereas irreversibly polymerized systems are expected to form a relatively
dilute, partially aligned anisotropic phase unless sufficiently strong attractions between polymers are present
to condense them, we find that reversibly polymerizing systems are expected to form a highly concentrated
and highly ordered anisotropic phase unless sufficiently strong repulsions between polymers are present to
separate them. The predicted temperature dependence of the phase behavior for the two systems is markedly
different. For the reversibly polymerizing system there exists a temperature below which there is no phase
transition at any concentration of solute. Just above this temperature there is a wide two-phase region in
which a dilute isotropic phase, consisting of monomers or very short polymers, is in equilibrium with a
quasi-crystalline phase consisting of very long, highly aligned polymers which essentially completely exclude
solvent. The decrease in the concentration of the isotropic phase, with increasing temperature, occurs at a
progressively decreasing rate to give an “elbow-shaped” phase boundary. The anisotropic phase remains very
dense at high temperatures unless the interactions between polymers are sufficiently repulsive to separate
them and admit solvent. The temperature dependence of the viscosity of sickle-cell hemoglobin solutions
is consistent with the theoretical predictions. Interpretation of the experimental data in terms of the model
suggests that domain dimensions could be a major determinant of the viscous properties of these sickle-cell
hemoglobin solutions and could account for some of the hysteresis observed in these systems.

Introduction

If the axial ratio is large enough and the concentration
high enough, long rodlike particles will align spontaneously,
even in the absence of intermolecular interactions, as a
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consequence of excluded volumes. The theory for phase
transitions of this type has been developed by Onsager,!
Isihara,? and Zwanzig?® for dilute solutions, using a virial
expansion, and by Flory* and DiMarzio® for the full range
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of concentrations, using lattice models. The main pre-
dictions of the theory have been confirmed by experiments
on «-helical polypeptides®!! and p-phenylene poly-
amides. %1

The above theories assume that all the polymers in the
system are of the same length (monodispersity) and that
the polymer length is fixed (irreversible polymerization).
In this case, moderately long noninteracting rods will
separate into two phases only in a narrow range of con-
centrations, the isotropic phase being only slightly less
concentrated than the anisotropic phase. As rod length
increases, the two-phase region gradually narrows and
moves to lower concentrations (the concentrations of the
coexisting isotropic and anisotropic phases both decreas-
ing).

From these results one can anticipate how more com-
plicated systems will behave. In a polydisperse system,
the larger rods would be expected to partition preferen-
tially into the anisotropic phase while the shorter rods
partition preferentially into the isotropic phase, thus
creating the potential for the coexistence of more than two
phases. Flory et al. have recently shown that this is indeed
the case.’6°1°

In a reversibly polymerizing system, rod length can
change with concentration to minimize the free energy.
Since increasing rod length favors alignment, it is to be
expected that alignment will also favor polymerization and
that this reciprocal coupling of orientation and polymer-
ization will resuit, even in the absence of interparticle
interactions, in a very wide two-phase region in which a
very dilute isotropic phase consisting of relatively short
molecules coexists with a very concentrated and very
highly ordered anisotropic phase consisting of very long
molecules. We have previously reported? that this ex-
pectation is confirmed by calculations based on an ex-
tension of Flory’s lattice model. Here we present the de-
tails of those calculations and also demonstrate that es-
sentially the same conclusions may be drawn from an ex-
tension of DiMarzio’s lattice model. The phase diagrams
obtained are radically different from those for fixed-length
rods and are discussed in relation to the phase behavior
of sickle-cell hemoglobin.

Extension of Flory’s Lattice Model

Flory has computed the statistics for arranging a mon-
odisperse collection of rods of length x on a lattice, at an
angle ¢ relative to the axis of alignment, by dividing the
rods into y = x sin ¢ equal lengths lying on adjacent rows
of the lattice (see Figure 1 of ref 4). According to this
model, the free energy AG,, of mixing n, rods of length x
with n; solvent molecules depends on y according to the
expression

AGL/RT =nylnv;+nylnvy—(ny +yny) In [1 -
vo(l - y/x)] — nglln (xy®) — y + 1] + xnguyx (1)

where v, = n;/(n; + xn,) and v, = xn,y/(n; + xny) are the
volume fractions of solvent and solute, respectively, and
RTy is the free energy of interaction between rods, which
is assumed to be small enough that rod positions for a
specific orientation remain random. The system of fix-
ed-length rods equilibrates at the value of y which mini-
mizes AG,,.

If the rods are formed by reversible polymerization, then
polymer lengths, as well as orientations, will adjust to the
value which minimizes the free energy. If the resulting
length distribution is narrow, the orientation contribution
to the free energy may be approximated by AG,, in eq 1.
In addition, the free energy of polymerization must be
taken into account. For simple linear polymerization of
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quasi-spherical particles, a polymer of length x has (x -
1) identical linkages. The free energy of polymerization
is then given by

AG,/RT = (x - Dnye (2)
where ¢RT is the free energy of formation of a single

linkage. The complete free energy, AG, is thus given by
the sum

AG = AG, + AG, 3)
and the system equilibrates at the values of single and y
which minimize AG.

Since n, varies inversely with x, it is convenient to divide
eq 3 by (n; + xn,) to give the free energy per unit volume

Ug y y
=u;lnv,+ —Inv,- v, + =0, )1 + v, ) -
f=vilnuy . n vy (Ul xvz) n (01 xvz)

X

Lo @

v
f[ln (xy®) -y + 1) + vwex + e

We then locate the minimum of f, for a system of a given
composition, v;, and v, in the region 1 < y < x. Local
minima occur at those points where df/dy = 0, df/dx = 0,
8%f/y* > 0, 3*/ox* > 0 and A = (6%f/dy*)(d%/9x?) -
(0%f/3xdy)? > 0. Differentiation of eq 4 gives

of _ U y 2
ay = X [ln (U]_ + ng) + y] (5&)
/| PR ( y ) ]
p p, [ln vo~In(xy?) ~yIn{o; + 0 ¢| (5b)
and
2 v Uy/ X
of b _/x 2 (68)
dy? x\ vy tyvg/x 2
2 yug?/x3
Of _ Lof /% (6b)
Ixdy x 0y v+ (y/2)v,
Ff _ 1of y?q/%
ox?  x ox * x8 ! v + yup/x (6e)

In the Appendix we show that the two first derivatives are
zero at either two points in the region 0 <y < x or at no
points at all and that, of the possible two points, only one
corresponds to a local minimum in f.

The absolute minimum of f is determined by comparing
the value of f at the above local minimum, if it occurs in
the region 1 < y, with the minimum values of f attained
on the boundaries y =1 and y = x. For y = 1, the perfectly
ordered limit

of L2 _ _ 1 ).
Fiialis Invy,~lnx-1n (01 + xvz) ¢>] (7a)
2
L A A B (7b)
dx? x 0x  x%v; + vy/x)

and an extremum occurs for
Ug
x=—(e?*-1) (7¢)
U1

which is a minimum when ¢ < 0 and a maximum when
¢ > 0. For y = x, the isotropic limit,
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6x_x2( Invy,+3lnx-2+¢) (8b)
2 3
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dx? x 0x 8 (8c)

and a minimum in f occurs at
13 = pye?t (8d)

For a system of a given composition v; and v, the values
of x and y corresponding to the absolute minimum in f
describe the equilibrium state of the system, from which
the chemical potentials of the solvent and solute can be
determined by the relationships

i_w=f+vz(_af__§i) on)

RT ~  om, v, v,
and
py _ 9(AG/RT) o  of
R_’T - amQ - f + Y1 602 - Oul (gb)

where m; = n; and m, = xn, are the total amounts of
solvent and solute present. From these chemical poten-
tials, phase diagram can be constructed analogous to the
phase diagrams for irreversibly polymerized molecules (see
Figures 1 and 2 of ref 20).

Extension of DiMarzio’s Lattice Model

DiMarzio’s lattice model® is a simplification of Flory’s
model in that the continuum of rod orientations allowed
in Flory’s model is replaced by a finite discrete set of
allowed orientations in DiMarzio’s model. In particular
we have chosen the simplest case in which the rods are
permitted to lie only in the directions of the three mutually
orthogonal axes of the simple cubic lattice. Due to this
restriction of paarticle orientations, the model samples
narrow orientation distributions less well than Flory’s
model.?! On the other hand, violation of spherical sym-
metry in the latter model?? (reflected in Figure 1 of ref 4
in the fact that the projection of a rod of length x on the
axis of alignment is equal to x for all values of ¥) causes
it to break down for orientations at large angles relative
to the preferred direction.?? The importance of these
differing limitations, in the present context, may be as-
sessed by employing both approaches and comparing the
results.

Free Energy Function. DiMarzio® has shown that the
number of ways of arranging N,, N;, and Ny, rods of length
x in the directions of the i, j, and k axes, respectively, of
a lattice of N cells is

g(x,Ni,Nj,Nk,N) =
(N = (x -~ DN — (x - DNYUN - (x - DN,)!

N'ZN,'NJ‘NkY(N - x(Ni + Nj + Nk))'

The total solute in this system is my = x(N; + N; + N)
and the total solvent is m; = N - x(N; + N; + N,). For
an isotropic system, all lattice axes are equivalent and N;
= N; = N;. If we make the reasonable assumption that,
even in an anisotropic system, two of the lattice axes will
be equivalent, i.e., N; = N,, then it is possible to define
an orientation parameter y = N;/(N; + N; + N,), which
varies from 1 for perfect axial alignment, to 1/3 for an
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isotropic distribution, to 0 for a planar array. In this
notation, the degeneracy factor may be rewritten as

g(z,y,m,my) =
1-y
[(m; + my) - zymg]![ (m; + my) - 2( D) )mz ]!2

1 —
(m, + mg)!z[ (Ty)(l - 2)my ]!2[y(1 - 2)mg)'m,!

(11)

where z = (x — 1)/x is a convenient rod length parameter,
varying from 0, for monomers, to 1, for rods of infinite
length.

Minton has adopted a square-well potential for inter-
actions between rods and used a Bragg-Williams-type
approximation to derive an expression for the free energy
of interactions of the form

Ulz,y,m;,mq) /RT = wyNy+ w N, (12)

where N, and N, are the numbers of parallel and per-
pendicular contacts between rods, respectively.?* For
sufficiently small values of w; and w |, the distribution of
rods in each diirection may be assumed to be random and

my’ 1-2y + 3y2) /4
m+m2(—y ) /

__’_‘.2_ 2 2 %) =
Ny = s+ NP+ NG = o
a

2
Ny = ZONN; + 2NN, + 2N,N) =
2

my
p—_— mz(l - )1 + 3y)/4 (13b)
so that
Ulzymymg) _ my? [ (1 3 2) ]
RT _m1+m26§_ Ty )tus 2

(14)

where § = w - w,.

For a reversibly polymerizing system, the free energy of
polymerization must be included (from eq 2) and the
complete expression for the free energy is

AG U(z:y’mlym2)

=7 = -ln g(z,y,m;,m;) + + zmq (15)

RT RT
Using Stirling’s approximation, In N'l= NIn N- N
=28
m; + my RT
vilnv;-glng -281Ing +glngs+2¢,Ing, +
vzz[é(% -y+ gyz) +w, ]/2 + zv.¢ (16)
where
& =1-2yv, (17a)
g =1-2(1-yy/2 (17b)
g3 = y(1 - 2)v, (17¢)
8s= (1 -1 -2)v,/2 (17d)
and

91_( & g am )
az-1)2 ylng3+(1 y) In g4+¢ (18a)

o _ ANPRY SN PR
6y—vg[zlng2+(1 z)lng4+022(3y 1)] (18b)
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#f vy [y(l—yv2)+(1—y)(1—(1—y>U2/2>]

E = 1-2) 81 82

(18¢)

9% (1-y)g 2zv,8y-1)
——=p,] In - 18d
dydz 2[ 28, 2818, (18d)

92 1-2z 02%8-2zv) 3

L = - + S5 18

3y ”“’[ Y- 2am 2| 1%

The loci of points in the region0 <y <land0<2z<1
for which df/dz = 0 and for which 8f/dy = 0 are shown in
Figure 1. The value of z for which (df/d2),-,/3 = 0 is

F=(e*-38/vy))/(e®-1) 19

0<2<1if ¢ <In (vy/3)and Z < 0if In (v/3) < ¢ < 0.
The value of z for which (8%f/9y?),=1/3 = 0 is

2= (9 + 36vy) /(9 + 3vg + dv5?) (20)

For those values of & for which eq 13 is valid (i.e., |6| small),
0<2<1.

Figure 1 shows the various minima which we locate
numerically. When more than one local minimum is ob-
tained, f is evaluated for each to determine which is the
absolute minimum. Figure 2, parts a and b, shows the
dependence of the equilibrium values of x = (1 —2)"! and
y on the composition of the system, vy, for 6 = 0 and
various values of ¢. An abrupt increase in both variables
occurs at the phase transition. In contrast, the alignment
transition for irreversibly polymerized molecules occurs
with a more gradual change in y (Figure 2c).

Phase Behavior. Using the equilibrium values of z and
y, one may calculate the chemical potentials of solute and
solvent by combining eq 9, 16, and 17. The resulting phase
boundaries are illustrated in Figure 3a. These phase
diagrams show essentially the same features as those in
Figure 2 of ref 20, obtained by using Flory’s lattice model.
As for irreversibly polymerized systems (Figure 3b here

and Figure 1 in ref 20), all the phase diagrams are stemlike. -

However, when polymerization is irreversible, the stem in
the phase diagram extends into the region of attractive
interactions (positive values of x, negative values of w) and
w, ); when polymerization is reversible the stem ends in
the region of repulsive interactions. Thus, in the athermal
case (x, wy, w, = 0), phase separation occurs over a very
wide range of concentrations in the reversibly polymerizing
system but only over a narrow range of concentrations in
the irreversibly polymerized system. For the reversibly
polymerizing system, the anisotropic phase essentially
completely excludes solvent, unless sufficiently repulsive
forces are acting between polymers to cause them to be
less closely packed. For irreversibly polymerized molecules,
on the other hand, the anisotropic phase is relatively dilute
unless sufficiently attractive forces are acting between
polymers to induce a miscibility transition which merges
with the alignment transition. Even then (i.e., below the
stem), v, < 1 for the anisotropic phase in the irreversibly
polymerized system, whereas v, — 1 for the anisotropic
phase in the reversibly polymerized system. For the ir-
reversibly polymerized system with sufficiently long rods,
there is a narrow region, at the bottom of the stem, in
which the miscibility transition is distinct from the
alignment transition and two anisotropic phases may
coexist; such a region does not occur for the reversibly
polymerizing system. If the polymer length is decreased
in the irrversibly polymerized system, the stem broadens
and moves to higher values of v, and the base of the stem
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Figure 1. Loci of points in the y,z plane for which df/4z = 0 (---),
loci of points in the y,z plane for which df/dy = 0 and 8%f/dy? >
0 (—) or 3*f/dy* < 0 (---), and minima of the free energy function
(@) for vy = 0.6, 6 = 0.00, and (a) ¢ = -1.5, (b) ¢ = -1.75, (¢) ¢
= -2.25, and (d) ¢ = -3.5. In the right-hand side of the plane
8f/3z > 0 and in the left-hand side df/3z < 0. In the upper right
and lower left corners of the plane df/dy < 0 and in the upper
left and lower right corners df/dy > 0.

4
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2 °
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Figure 2. (a,b) Dependence of x and y on v, for reversible
polymerization with 4 = 0.000 and various values of ¢ as indicated.
(c) Dependence of y on v, for irreversible polymerization with &
= 0.000 and various values of x as indicated.

moves further into the region of attractive interactions.
If the free energy of polymerization is increased in the
reversibly polymerized system, the stem also broadens and
moves to higher values of vy, but the base of the stem
moves further into the region of repulsive interactions.
The two systems most closely approximate one another
when the irreversibly polymerized molecules are very long
and the free energy of reversible polymerization is very
negative.

Polymer lengths in the coexisting phases are indicated
in Figure 4 by the symbols demarcating the boundaries of
the two-phase region. We find that, in the absence of
interpolymer interactions (w; = w, = 0), phase separation
coincides with the onset of polymer formation and that,
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Figure 3. Dependence of the phase behavior on intermolecular
interactions, as predicted by the extended DiMarzio model with
6 = 0.000, for (a) reversible polymerization with ¢ = -4 (-+-), ¢
= -5 (—), and ¢ = -7 (~—-) and (b) irreversible polymerization
with x = 100 (—) and x = 50 (——-). In each pair of lines, the
left-hand line is the boundary between the two-phase region and
the region with a single isotropic phase and the right-hand line
is the boundary between the two-phase region and the region with
a single anisotropic phase.

1.0

o . . A A
2 45 6 8
LR 8y,

Figure 4. Dependence of rod length in the isotropic and an-
isotropic conjugate phases on intermolecular interactions: wy =
w, = 0.15 (a), 0.05 (O), 0.01 (¢), 0.00 (O).

unless polymers repel one another, the isotropic phase
contains only monomers. In the presence of interpolymer
repulsion (wj, w, > 0), polymer length in the isotropic
phase increases with increasingly negative free energy of
polymerization. Figure 4 also shows that polymer length
in the anisotropic phase increases with increasingly neg-
ative free energy of polymerization but decreases with
increasing repulsion between polymers. The orientation
parameter (Figure 2b), on the other hand, is insensitive
to these parameters. Repulsive interactions have the effect
of pushing the polymers further apart, but this occurs with
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300F

215 3 3 v ° 8 0
Figure 5. Theoretically predicted temperature dependence of
the phase behavior of an irreversibly polymerized system. In this
example x = 100 and wy; = w, = 0.32 - 120/T. Line I is the
boundary between the two-phase region and the region with a
single isotropic phase. Line A is the boundary between the
two-phase region and the region with a single anisotropic phase.

)3 . .
. 8 )

Figure 6. Theoretically predicted dependence of the phase be-
havior of a reversibly polymerizing system on the free energy of
polymerization with wy = w; =-0.15 (---), 0.00 (—), 0.05 (---),
and 0.15 (---). As in Figure 3, the lines mark the boundaries
between the region with a single isotropic phase at low vy, the
two-phase region at intermediate v,, and the region with a single

anisotropic phase at high v,.

negligible loss of order. In this particular, the DiMarzio
model generates different results from the Flory model.
This may be due to the fact that models which restrict
particle orientations to a small discrete set do not sample
sharply peaked orientation distributions very well.?!
Temperature Dependence. For an irreversibly po-
lymerized system, the free energy of interaction between
polymers is the only temperature-dependent variable and
a T vs. vy phase diagram would be expected to be similar
in form to those in Figure 3b, provided the forces between
polymers are attractive at low temperatures and become
less so with increasing temperature. Such an example is
given in Figure 5. A phase diagram of this form has been
observed for poly(benzyl glutamate) in dimethylform-
amide.>!° For a reversibly polymerizing system, there is
a second temperature-dependent variable, the free energy
of polymerization. Figure 6 shows more clearly than Figure
3a the calculated dependence of the phase behavior of a
reversibly polymerizing system on ¢. In this representa-
tion, and in Figure 3, it is apparent that the boundary
between the isotropic region and the two-phase region is
relatively insensitive to the interactions between polymers.
The position of the boundary between the two-phase re-
gion and the anisotropic region is also relatively insensitive
to the interactions between polymers above and below the
shoulders in Figure 3a. Thus a T vs. v, phase diagram for
a reversibly polymerizing system will be similar in form
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Figure 7. Theoretically predicted temperature dependence of
the phase behavior of a reversibly polymerizing system. In these
examples, wy = w, = 0.48 - 120/T and (a) ¢ = (2400/7) - 10,
(b) ¢ = (6006/ T) - 22. T and A have the same denotation as in
Figure 5. The hatched line G is the predicted gelation boundary,
assuming that phase separation occurs with spherical domains
of colloidal dimensions (see text).

to those in Figure 6, provided that ¢ becomes more neg-
ative with increasing temperature (i.e., the enthalpy of
polymerization is positive, as in fact is seen in many po-
lymerizing protein systems). Such examples are given in
Figure 7.

Comparing Figures 5 and 7, it is apparent that the
temperature dependence of the phase behavior of rever-
sibly polymerized molecules is radically different from that
of irreversibly polymerized molecules. There exists a
temperature T, for the reversibly polymerized system,
unlike the irreversibly polymerized system, below which
there is no phase transition at all. At temperatures just
above T,, the anisotropic phase of the reversibly polym-
erizing system generally excludes solvent completely (v,
— 1), At still higher temperatures the anisotropic phase
may be less concentrated if the polymers repel one another
and ¢ is sufficiently negative (compare parts a and b of
Figures 7).

The phase diagrams in Figure 7 form a basis for pre-
dicting the temperature and concentration dependence of
the macroscopic properties of reversibly polymerizing
systems at equilibrium. The dilute isotropic phase, con-
sisting of monomers or short polymers, should be relatively
fluid. The anisotropic phase, consisting of extremely long
polymers in highly ordered array, should be relatively rigid.
In the two phase region, the rheological properties of the
system should depend on the size of the domains formed.
If the anistropic domains are small (< 10 cm) and dis-
persed uniformly in the isotropic phase, the system may
be regarded as a colloidal suspension of solid particles. The
concentration dependence of the viscosity of such a sus-
pension may be described approximately by Brodnyan’s®
extension of Mooney’s? equation

n 2.5+ 0.399(p - 1)}8
In—= L] (21)
Mo 1 - }Z(ﬁ
where p is the axial ratio of the particles, ® is the volume
fraction of the particles, and & is a crowding parameter
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with a theoretical maximum value of 1.91, For spheres (p
= 1), k is approximately equal to 1.56, in the absence of
long-range interactions between particles.”” According to
this model, as pointed out previously by Minton,? the
viscosity of the two-phase region would be expected to rise
abruptly as ® increases beyond ~0.4, and “gelation”
should occur before & reaches 0.5.

Applying this approach to our system, we show with
hatched lines in Figure 7 the approximate location of the
expected gelation transition, assuming spherical domains
(p =1,k = 1.66). Notice that this transition occurs sub-
sequent (higher T or higher v,) to phase separation, and
anisotropic domains may be present before (lower T or
lower v;) gelation. Notice also that there exists a tem-
perature below which the gelation transition is not ex-
pected to occur. Such a critical temperature does not exist
for irreversibly polymerized systems. (Compare our Figure
7 with Figure 8 of ref 24.) According to eq 21, the actual
value of & at which gelation would be expected to occur
depends on k& and p, which both increase with increasing
particle asymmetry. Since the domains formed by the
alignment of very long polymers are likely to be elongated,
rather than spherical, the actual gelation transition should
occur to the left of the gelation boundary “G” shown in
Figure 7 but would still be located to the right of the phase
separation boundary “I” and have the same qualitative
“elbow” shape. If the domains are highly elongated, or if
the two-phase region is narrow, the gelation transition may
nearly coincide with the onset of phase separation. In
addition, the formation of highly elongated domains may
result in thixotropic behavior. If phase separation occurs
with large domains (2 10 ¢m) a colloidal suspension will
not be formed; the anisotropic phase will separate out,
leaving behind a fluid isotropic phase, and gelation will
not occur.

Sickle-Cell Hemoglobin

The applicability of the foregoing model to the polym-
erization of sickle-cell hemoglobin and other proteins is
limited in a number of respects. To begin with, the model
incorporates only the processes of linear polymerization
and alignment; higher degrees of ordering and formation
of other structures are not considered. Secondly the model
is an equilibrium model and applies only to situations at
equilibrium with respect to polymerization and alignment.
Furthermore, we have assumed that all polymers within
a given phase are of the same length (monodispersity).
This relatively strong assumption, made for the sake of
mathematical tractability, excludes, in particular, the
coexistence of monomer and polymer within the same
phase. In spite of the above limitations it is useful to
examine the extent to which our calculations are consistent
with experimental observations of sickle-cell hemoglobin
and to consider how this may elucidate the underlying
mechanisms.

At sufficiently high temperatures, concentrated solutions
of deoxygenated sickle-cell hemoglobin form highly viscous
gels. At high concentrations the gels are uniformly bire-
fringent, but at lower concentrations the gels contain
spindle-shaped birefringent bodies separated by isotropic
material.?®%® Electron microscopy reveals bundles of
parallel filaments.3*% Quantitative study of the phase
behavior of deoxygenated sickle-cell hemoglobin is com-
plicated by highly concentration-dependent kinetics and
hysteresis. Furthermore data obtained at different pHs
with different buffering ions and with different methods
of hemoglobin preparation are not directly comparable.
We must also exclude ultracentrifugation measurements
because, due to our assumption of monodispersity, the
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Figure 8. Allison’s (1957) measurements of gelation temperatures
for sickle-cell hemoglobin solutions of varying concentrations. For
a given concentration, the higher temperatures were obtained
when increasing T and the lower temperatures when decreasing

present model would not be expected to properly describe
sedimentation behavior. However, Allison’s measurements
of the dependence of gelation on concentration and tem-
perature,® shown in Figure 8, are qualitatively consistent
with the theoretically predicted elbow-shaped curve “G”
shown in Figure 7 in that the minimum gelling concen-
tration (MGC) decreases with increasing temperature and
that the rate of this decrease itself decreases with in-
creasing temperature. The observation that the minimum
gelling concentration is not much greater than the con-
centration of monomeric hemoglobin in equilibrium with
the gel®%" suggests, as discussed above, that, under the
given experimental conditions, the anisotropic domains are
highly elongated or the two-phase region is narrow.

If deoxy sickle-cell hemoglobin solutions are gently
stirred while warming, large bundles of aligned fibers are
formed and gelation does not occur.34! This is consistent
with our expectation that gelation will not occur in the
two-phase region if the domain size is sufficiently large.
Although large bundles of fibers are also seen in gelled
samples, their yield is “much lower” than in stirred sam-
ples.® The remaining hemoglobin in the gel is presumably
organized in smaller bundles to the extent that it is aligned
at all. According to the present model, this difference in
size and shape distribution between domains in the gelled
and stirred systems could be sufficient to explain the
differing macroscopic properties of the two systems,
without necessarily invoking any differences in the mi-
croscopic structure (i.e., alignment and packing of rods)
of the anisotropic domains. Under certain conditions of
stirring and/or aging, hemoglobin crystals are formed
which are structurally and thermodynamically distinct
from both the gel and the above quasi-crystalline fiber
bundles.*>% The present model, however, considers only
one-dimensional alignment and does not encompass the
possibility of three-dimensional ordering to form crystals.

The time course of sickle-cell hemoglobin gelation has
been followed by monitoring heat absorption,**’ viscosi-
ty, 50 birefringence,*475! scattered light,’5% turbidi-
ty,25184 and proton magnetic relaxation.’55-% In each
case, there is an initial highly concentration—dependent
delay, during which little or no change in the physical
property is observed, followed by a rapid change which,
except for the birefringence, terminates quickly.

The progress curves have been explained by a model of
polymerization involving nucleation and monomer addi-
tion.**% In this view, polymer growth is reflected in the
curves for heat absorption*” and proton magnetic relaxa-
tion.%%8! Since the development of birefringence reflects
polymer alignment,? it is expected to lag behind the
calorimetric and magnetic relaxation changes. The tur-
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bidity and viscosity changes, on the other hand, are less
well understood. Light scattering may be produced both
by individual polymers and by domain interfaces. Ferrone
et al. have found that the light scattering progress curves
conform more closely to theoretical predictions for nu-
cleated polymerization at short times than at long times
and suggest that an additional process is operative at
longer times.% If light scattering at domain interfaces is
significant, the long time changes in turbidity may provide
a measure of the progress of domain formation. Viscosity
progress curves also show an additional process operative
at long times. After the initial delay period, a rapid rise
in viscosity is followed by a decline.*98385 Since these
measurements are made under continuous shear, the
hemoglobin polymers would be expected to be aligned as
they are formed. Thus the distinct stage of viscosity de-
cline may reflect domain growth which reduces the area
of the interface between phases. In general, to the extent
that different physical properties vary in their sensitivity
to domain formation, comparison of gelation progress
curves obtained by different techniques may provide in-
formation concerning this process.
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Appendix

The first derivatives of the free energy function, f, given
by eq 5, are zero when

Yy 2
In (01 + ;vz) + 7= 0 (Ala)
and
Inv,—In (xy?) -y In (v1 + %UZ) -¢ =0 (Alb)

Combining these equations gives the result that
Inv,—-In(xy)) +2-¢ =0 (Alc)

when the first derivatives of f are zero. Combining eq Ala
and Alc, we find that the values of x for which the first
derivatives of f are zero satisfy the equations

x = yvg/(e¥Y - vy) (A2a)
and
x = pye??/y? (A2b)
Equating these expressions gives the result that
g(y) = yle# 2 - (e ~p) =0 (A3)

when the first derivatives of f are zero. The function g(y)
has a minimum at the value of y for which

dg/dy = 3y%e*? - e2/%(-2/y?) = 0 (Ada)
i.e., at ¥ such that
3ylet2 + 2¢7Y = () (A4b)

and has either no zeroes or a pair of zeroes, one at 3y‘e*?
< 2¢72/7 and one at 3y*e* 2> 2¢2/%, Since the zeroes occur
only for y 2 0, it follows that

ey —p <1 -0, <y (Aba)

and therefore from eq A2a that
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(A5b)

at these points. Thus the two first derivatives of f are zero
at either two points or no points in the region 0 <y < x.

When the first derivatives of f are zero, the second de-
rivatives, given by eq 6a—c, reduced to

x =y, /(€Y - vy) >y

2 v
y y
2 U
5% = S0 %) (A6b)
2 v,
g_/g - —§(1 ~ yet-202/%) (A6c)
x
and
v?f 2
= 2| 2 - syrerzer (A6d)
Yy

For the first zero of g(v), 3y*e®? < 2¢7%/¥ and therefore
&f/0x% > 0, 3% /dy? > 0 and A > 0. For the second zero
of g(y), 3y%e?2 > 2%+ and therefore A < 0. Thus the first
zero of g(y) corresponds to a local minimum in f and the
second corresponds to a saddle point.
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